When two particles collide at the horizon of a black hole and one of them satisfies some critical conditions, the relative velocity between them can be arbitrarily large, thus the energy of the centerof-mass will reach infinity. Such a process is called BSW mechanism which can accelerate a particle to arbitrarily high energy. There are also some studies showing that a Kerr naked singularity can be more qualified as a particle accelerator for arbitrarily high energy. Previous researchers mainly concentrate on geodesic motion of particles. In this paper, we will take spinning particles which won't move along a timelike geodesic and carry more parameters into our consideration. By employing the Mathisson-Papapetrou-Dixon equation, we will prove that for a spinning particle in hyper-extremal Reissner-Nordstrom or Kerr spacetime where exists a naked singularity at r = 0, its Effective Potential V ef f = −ṙ 2 must be able to reach zero within the interval 0 < r < M , thus an ingoing particle will be able to turn back and then collide with another ingoing particle at r = M . If the spacetime is slightly hyper-extremal, the energy of center of mass Ecm will be arbitrarily high.
Introduction
Bañados, Silk, and West (BSW mechanism) firstly proved [1] that an extremal Kerr black hole can be used as a particle accelerator in 2009, and the center-of-mass (CM) energy E cm of two test particles can be arbitrary high if the collision occurs near the extremal horizon and the energy E and angular momentum L of one particle satisfy a critical relation. Based on their pioneering discussion, the BSW mechanism has been extensively studied for multifarious black hole backgrounds [2] - [9] . Since the event horizon is a one-way membrane which means that once an ingoing particle passed the horizon, it would never come out of the horizon again, hence the movement of particles is heavily restricted by the existence of horizon. So there are some researchers concentrating on the BSW mechanism near various naked singularities [18] [19] [20] [21] , since the disappearance of the event horizon will give the movement of particles more freedom. Therefore, without the restriction of event horizon, an infinite E cm can be more easily obtained near a Kerr singularity, hence the critical relation [1] [10] which is a harsh requirement can be relaxed largely [18] .
Most of the previous work on BSW mechanism focus on the acceleration of point particles which are not spinning and move along timelike geodesics. However, a real-world particle is an extended body with self-interaction, thus, it is more reasonable to take spinning particles which cannot be regarded as point particles into our consideration. It has been proved in [11] and [22] [23] [24] that the movement of a spinning particle deviates from a geodesic due to the gravitational interaction. The orbits of spinning particles has been computed based on the Mathisson-Papapetrou-Dixon (MPD) equation [16] [25] [26] . The BSW mechanism for spinning particles in Kerr space and Kerr-Newman (KN) spacetime has been studied in [12] and [27] ,where for an ultrahigh E cm , a critical relation is also needed and the black hole must be extremal. In the meantime, [12] and [27] also gave out a critical spinning angular momentum that can also lead to a divergent E cm without the critical relation needing to be satisfied, which is typical for spinning particle. However, as argued in [13] where the acceleration of spinning particle by extremal Kerr-Sen black hole is studied, the critical spin for extremal Kerr or KN black hole is unapplicable. [13] presented a critical spin for extremal Kerr-Sen black hole, which is accessible in a real world. Spinning particle collision in Schwarzchild black hole background was discussed in [14] .
In this paper, we will focus on the acceleration of spinning particles by Reissner-Nordstrom singularity and Kerr naked singularity, and we will prove that an ingoing spinning particle released from infinity towards the naked singularities can certainly turn back after it pass r = M where the original extremal event horizon is located before it reach the naked singularities. Therefore, the turning-back spinning particle is able to collide with another ingoing particle at r = M . We will also prove that in such case, the E cm will be divergent if the spacetime is slightly hyper-extremal, i.e. the extremal Reissner-Nordstrom black hole is slightly over-charged, Q = M + ǫ, or the extremal Kerr black hole is over-spun, a = M + ǫ, where ǫ is positive and can be arbitrarily small.
The structure of this paper is as following: To start with, in section 1, we will discuss the collision of non-spinning particles near the Reissner-Nordstrom naked singularity and give out the general analytic method we will use in this paper, we will also prove an infinite E cm can be reached if the collision happened between ingoing and an outgoing particles, further, we proved an ingoing particle will certainly turn back within the interval 0 < r < M , thus, there does exist possibility for the collision to occur at r = M . Next in section 2, we will figure out the movement of spinning particles in a general static spherical spacetime and apply the analytic method in section 1 to spinning particle, similarly, we also proved that it is possible an ingoing particle will certainly turn back when 0 < r < M , hence, an ultrahigh-energy collision can happen. Finally, in section 3, with the help of tetrads, the movement of spinning particles in Kerr spacetime will be computed, and the E cm of collision at r = M between ingoing and outgoing spinning particles will be proved to be arbitrarily high, the possibility for such collision to happen was also confirmed to exist.
Particles Collision near Reissner-Nordstrom Naked Singularity
Let's start with a general static spherical black hole which reads
where f is a function of r and the event horizon is located at f (r H ) = 0 (r H is positive). Now we consider the 4-velocity
of point particle moving along a timelike geodesic. After fixing θ at π 2 (thus,θ = 0) and using the 3 equations
where
are the Killing vectors associated with 2 conserved quantities, the energy E and the angular momentum L, we can get thatṫ
As defined in [1] , the energy of the center of mass is
For convenience, we only need to focus on the changeable part of E cm , which is defined [10] as
which, physically speaking, describes the relative velocity between the two colliding particles. Manifestly, when the relative velocity between particles becomes infinite, the E cm can reach infinity. Let's consider the collision between two point particles near the horizon f (r H ) = 0. After taking (7)(8)and (9) into (11), we get that
where α 1± and α 2± are both manifestly finite as long as r H > 0. The P lus sign denotes the collision between an outgoing particle and an ingoing particle while the M inus sign denotes the one between two both-ingoing or both-outgoing particles. Meanwhile, it is worth noting that
we have α 0− = 1, which is consistent with (3)(11). So we can draw the conclusion that near the horizon, only the collision between an ingoing particle and an outgoing particle will lead to a divergence of E ef f , namely a infinity of E cm . Next, we define the effective potential as below
V ef f < 0 means that a particle is attracted by the black hole to fall into it, while V ef f > 0 means that a particle is repulsed by the black hole to leave far away from it. It can be easily checked that for the Schwarzchild black hole ( f = 1 − 2M r ) and Reissner-Nordstrom black hole (
, V ef f < 0 outside the outer horizon, which means that if we release a point particle from infinity, the particle will keep going towards the black hole and it will not turn back at some point r > r H . So we cannot get a infinite E cm from the collision near the horizon between two particles released from infinity. Thus we turn to use naked singularity as particle accelerator. We want to find a naked singularity near which a ingoing particle can turn back and then collide with another ingoing particle, thus we may be more likely to get a infinite E cm .
At first, we discuss the simplest naked singularity, the Reissner-Nordstrom singularity. As mentioned above, for a Reissner-Nordstrom black hole
its horizon is located at
Only when Q ≤ M can the horizon exist, and as long as Q become slightly larger than M , the horizon at r = M will disappear abruptly. We rewrite Q as
where ǫ is a positive infinitesimal value, thus near r = M where the original extremal horizon is located, f (r) can be re-expressed as
We require that the collision will take place at r = M , then we get that
Next, we need to figure out whether an ingoing particle can turn back at some point r T which satisfied 0 < r T < M , i.e. the equation V ef f (r) = 0 has a root in the interval 0 < r < M . After taking (15) into (8), we get V ef f as
To guarantee that a particle at infinity can go inwardly, V ef f | r→∞ must be negative, thus, we need to set
From (20), we can see that
thus to make sure that V ef f (r) = 0 has a root in the interval 0 < r < M , we only need to request V ef f to be negative at r = M . Without losing generality and for convenience, in the rest of this paper, we take
thus, Q > 1, then we get that
If we take Q = 1 + ǫ into it and let ǫ → 0, namely Q → 1, we will find that
then we have
there definitely exists a root for V ef f = 0 within 0 < r < 1. So we can assert that an ingoing point particle can turn back in the interval 0 < r < 1, hence it is possible for the collision between ingoing and outgoing particles to happen at r = 1, so we can get a infinity of E cm from such a collision.
Collision of Spinning Particle near Reissner-Nordstrom Naked Singularity
Inspire by the discussion above, let's explore how the E cm behaves when two spinning particles collide at r = 1 in a over-charged Reissner-Nordstrom spacetime admitting a naked singularity. To describe the movement of spinning particles, we will employ the Mathisson-Papapetrou-Dixon equation [11] [12] :
is the tangent to the center of mass world line, and P a is the 4-momentum of the spinning particle satisfying that
D Dτ is the covariant derivative along the world line, S ab is the particle's spin tensor which is apparently antisymmetry
and has property [12]
There also exists the relation between S ab and P a as below
For a spinning particle, the conserved quantities associated with the Killing vectors in its movement can be expressed as
Let's consider the movement in the plane θ = π 2 , thus the 4-momentum can be assumed to be
in the meantime, the non-zero components of the spin tensor S ab are assumed to be
meaning the direction of the particle's spin is normal to the equatorial surface θ = π 2 . In a general static spherical spacetime (1), equations (27) and (29) can be explicitly expressed as
Two Killing vectors ( ∂ ∂t ) a and ( ∂ ∂φ ) a are associated two conserved quantities as below
obviously, when S ab vanishes, the two equation will be reduced to (4) and (5). The relation (30) appears explicitly as
With equations (38) and (39), we can get the relation that
then combined with (34) and (35), it can be found that
Using equation (36)(37) and (39), a new relation can be drawn as below
Based on equations(36)(42) and (43), we can get that
Also, it can be checked that with J = 0, P t and P φ is just (7) and (8) . Then with (34), we can figure out
As required by a future-directed particle, we need to set P t > 0 outside the horizon (f > 0), thus
Now, without losing generality, we choose the P lus in (44)(45), and take them into (46), then P r becomes
for the convenience of expression, which apparently is finite. The energy of center-of-mass can be written as
Here we also can define
which is proportional to the relative velocity between the two spinning particles. So with (44)(45)and(48), the E ef f can be rewritten as
Restricted by (47), we know that 2m 2 r − J 2 f ′ = 0, thus the denominator of E ef f will not vanish outside horizon. Near the horizon, we can use the relation
and β 0± , β 1± are both finite. Similarly, when
it can be checked that β 0− = m 2 , which is requested by (27) and (51). Since the form of (53) is very similar to that of (12), we can use the same method to discuss the collision of spinning particles near Reissner-Nordstrom naked singularity. Similarly, we can define the Effective Potential as
with (44)(45)and (46), its explicitly reads
In Reissner-Nordstrom spacetime,
thus , we get
where σ i = σ i (J, L, Q, E, m) are all finite. From above, we can apparently see that
By the same way, we take Q = 1 + ǫ, then will gain that
Combining it with f (1) = 2ǫ, we get
where λ i = λ i (E, J, L, m) are also all finite. Similarly, it can be easily found that
Along with (59), we can reach that within the interval 0 < r < 1, there does exist a root for V ef f (r) = 0, which means that an ingoing spinning particle will turn back within the interval 0 < r < 1, making it possible for the particle to collide with another ingoing particle at r = 1.
Collision of Spinning Particles near Kerr Naked Singularity
In this section, we will concentrate on the E cm of two colliding spinning particles in a Kerr spacetime containing a naked singularity to figure out whether there also can be a infinite E cm and discuss the possibility of collision between ingoing and outgoing particle at the place where the extremal horizon is location. The Kerr metric reads [15] 
the tetrad takes in form of [16] 
For the convenience of following discussion, we define
thus µ a µ a = −1. Then (31) will becomes
By calculating the tetrad components of S ab , (68) and (69) are given by [16] 
Here we also fix θ = π 2 , hence µ (2) = 0. We first introduce a special Spin vector s (a) which reads
equivalently ,
where ε (a)(b)(c)(d) is a totally antisymmetric tensor with component ε (1)(2)(3)(4) = 1. As is argued in [16] , we can set the only non-zero component of s (a) as
where s implies both the magnitude and direction of the particle's spin. The particle spin is parallel to the black hole spin for s > 0, while it is antiparallel for s < 0. Then we can get these non-vanishing components of the spin angular momentum as below
Next, we define
as the energy per unit mass and angular momentum per unit mass. By virtue of (74), (70) can be rewritten as
Combining (75)(76) with the normalization condition
we can obtain that
thus apparently, N , K are both finite. What's more, required by the condition that µ (a) is futuredirected [12] , N > 0 . Here , according to (50), we can define that
after taking (78) (79)and (80) into it, also by setting M = 1, we can get that
Near the horizon ∆ = 0, we can re-express E ef f as
As is discussed in [11] [12] and [17] , the relation between s and M is
where S is the particle's total spin angular momentum, and we know that r ≈ M = 1, thus
So it is safe to assert that both γ 0± and γ 1± are finite. Now let's consider the naked singularity, we assume that a is slightly larger than 1, i.e. we can set that a = 1 + ǫ as we did before, so near r = 1 where the original extremal horizon is located, ∆ can be rewritten as [18] ∆ | r=1 = 2ǫ.
(88)
So we choose the P lus sign in (84), we will get that
thus E ef f can be arbitrarily high as ǫ → 0 . What we should do next is to find the condition under which an ingoing spinning particle will turn back within 0 < r < 1, so that the E ef f will behave as (89). To define Effective Potential V ef f as above, we need to figure out the radial component of µ a , which is
Based on (66)(78)(79)(80) , we can obtain that
then we can define V ef f as
Since θ = π 2 , thus Σ = r 2 , then we can easily find that
After taking a = 1 + ǫ, r = 1 into (92), V ef f becomes
where in the numerator, we have set ǫ = 0 . From above, we can see that when l = 2e, V ef f | r=1 = 0, which is consistent with the result in [12] ; when l = 2e,
Since merely V ef f | r=0 and V ef f | r=1 = 0 cannot guarantee a solution within 0 < r < 1 for equation V ef f = 0, we need to further discussion the specific form of V ef f which can be written explicitly as
where all ω i are finite. In (95), the numerator behaves as
hence, we can conclude that near r = 0 there must exist an small interval (0, δ) ( usually δ << 1 ) within which (1 − e 2 )r 8 − 2r
Namely , V ef f > 0 within this interval. So, combining with V ef f | r=1 < 0, we can approach that equation V ef f = 0 has a root within (δ, 1). Therefore, an ingoing particle can turn back within the interval 0 < r < 1, meaning that the collision leading to a infinite E cm is possible to happen.
Conclusion
In an extremal Reissner-Nordstrom black hole background(Q = M ), if the black hole become slightly over-charged(Q = M + ǫ), the horizon located at r = M will vanish abruptly, the singularity at r = 0 becomes uncovered, which is just a naked singularity. Similarly, when an extremal Kerr black hole (a = M ) gets slightly over-spun(a = M + ǫ), the horizon will also vanish, hence there exists a naked singularity too. The discussion in this paper is mainly focus on such kind of spacetimes that admit naked singularities.
In this paper, it was proved that an ingoing spinning particle released from infinity towards the Reissner-Nordstrom or Kerr naked singularities can certainly turn back after it pass r = M where the original extremal event horizon is located before it reach the naked singularities. Consequently, it is possible for the turning-back spinning particle to collide with another ingoing particle. If the spacetime is slightly over-spun or over-charged, i.e. ǫ is arbitrarily small, the E cm can be arbitrarily large, so a spinning particle can be accelerated to arbitrarily high energy by a RN or Kerr naked singularity.
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